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Abstract
Given a simple Lie algebra g, we consider the orbits in g∗ which are
of R-matrix type, i.e., which possess a Poisson pencil generated by the
Kirillov-Kostant-Souriau bracket and the so-called R-matrix bracket.
We call an algebra quantizing the latter bracket a quantum orbit of
R-matrix type. We describe some orbits of this type explicitly and we
construct a quantization of the whole Poisson pencil on these orbits
in a similar way. The notions of q-deformed Lie brackets, braided
coadjoint vector fields and tangent vector fields are discussed as well.
1 Introduction
It is well known that a quantum analog Funq(G) of the function space
Fun(G) on a simple Lie group G is the “restricted dual” of the quantum
group Uq(g). This algebra arises by a quantization of the Sklyanin-Drinfeld
bracket1, which is defined on G as follows
{f, g}SD = {f, g}l−{f, g}r, {f, g}r,l = µ < ρ⊗2r,l (R), df⊗dg >, f, g ∈ Fun(G),
1We prefer to use this name for the bracket (introduced by E. Sklyanin and generalized
by V. Drinfeld) usually called the Poisson-Lie bracket since the latter name is also used to
designate the linear Poisson-Lie bracket on g∗ arising from the Lie algebra structure of g.
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where ρr(ρl) is the representation of the corresponding Lie algebra g in the
space Fun(G) by the left- (right-) invariant vector fields, µ : Fun(G)⊗2 →
Fun(G) is the ordinary commutative multiplication in Fun(G) and R is the
R-matrix
R =
1
2
∑
α∈∆+
Xα ∧X−α ∈ ∧2g. (1)
Here {Hα, Xα, X−α} is the Cartan–Weyl system in the Chevalley normaliza-
tion and ∆+ is the set of positive roots of g. Here and below Fun(M), where
M is an algebraic variety in a vector space V , denotes the restrictions of
polynomials from V to M .
Consider a homogeneousG-spaceM = G/H whereH is a closed subgroup
in G. A natural question arises: what is a quantum counterpart of the
function space Fun(M)? The usual answer is as follows. Assume that the
algebra Fun(M) is identified with the subspace Fun(G)H ⊂ Fun(G) of
the functions invariant with respect to the right shift by any element of H .
Assume that the bracket { , }SD can be restricted to the space Fun(G)H
(this means that {f, g} ∈ Fun(G)H if f, g ∈ Fun(G)H). Then one considers
this restricted bracket as a reduction of { , }SD on the space M , and the
reduced bracket will be denoted { , }redSD.
By a quantum analog of the space Fun(M) one usually means the result
of the quantization of the bracket { , }redSD described in terms of “quantum
pairs”. This essentially means a pair of algebras (A1, A2) , A1 = Funq(G), A2 =
Funq(H) equipped with an epimorphism P : A1 → A2 of Hopf algebras. The
space of elements a ∈ A1, “invariant” with respect to the coproduct
∆P = (id⊗ P )∆ : A1 → A1 ⊗A2,
where ∆ is the comultiplication of A1, i.e., such that ∆P (a) = a⊗ 1, is then
considered as a quantum analog of the commutative algebra Fun(M).
In the present paper we propose another way to treat the quantum coun-
terpart of the space Fun(M) for a certain class of G-homogeneous spaces
M = G/H which comprises the symmetric spaces (in fact, we deal only with
orbits in g∗). These spaces have a nice property: when the brackets { , }l
and { , }r are reduced (assuming this reduction to be well-defined), they are
both Poisson.
In fact we must only reduce the bracket { , }r, while the bracket { , }l is
well defined on any homogeneous G-space M = G/H . Moreover, a bracket
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of such a type can be assigned to any element R ∈ ∧2(g) and any space M
equipped with a representation ρ : g→ V ect(M) in a natural way: {f, g}R =
µ < ρ⊗2(R), df ⊗ dg >. (In the sequel we use the notation { , }R for this
bracket and call it the R-matrix bracket.) However it is Poisson only under
certain conditions on M and R.
Here we are dealing here with the R-matrix bracket arising from the R-
matrix (1) and we say that a manifold M equipped with such an R-matrix
bracket is of R-matrix type if this bracket is Poisson. Thus we can say that
all symmetric G-spaces are of R-matrix type. Nevertheless there exist other
spaces of R-matrix type, e.g., the orbits of the highest weight vectors in any
G-module V (h.w. orbits for brevity).
Let us emphasize that on any orbit of R-matrix type in g∗ there exists a
Poisson pencil
{ , }a,b = a{ , }KKS + b{ , }R (2)
generated by the Kirillov-Kostant-Souriau bracket { , }KKS and the R-matrix
bracket { , }R, since these brackets are always compatible.
Note that on any orbit of R-matrix type in g∗ there exist two G-invariant
Poisson brackets , namely, { , }KKS and the reduced Poisson bracket { , }redr
(assuming it to be well-defined). The question of the relation between these
brackets arises. It is easy to see that the bracket { , }r is identically equal
to zero on the h.w. orbit. In the case of the symmetric orbits the brackets
{ , }KKS and { , }redr are proportional to each other.
This fact was first proved in [DG2] by a cohomological method. Here,
we give another, more direct, proof of this fact using the aproach of [KRR]
where the compatibility of the brackets { , }KKS and { , }redSD was proved.
Note that the case of the symmetric orbits in su(2)∗ was also considered in
[SLW].
Thus on a symmetric orbit the bracket { , }redSD coincides with a bracket
in pencil (2). So quantizing the whole pencil (2) on a symmetric orbit, we
can get a quantization of the bracket { , }redSD as a particular case.
Let us summarize the main difference between the above-mentioned aproach
to the quantization of homogeneous spaces based on quantum pairs and our
scheme. We simultaneously quantize the Poisson pencil (2) and get the quan-
tum algebras for the brackets { , }redSD and { , }R as particular cases. (Re-
mark that we consider the quantization of the latter bracket rather than of
bracket { , }redSD as a quantum analog of the space Fun(Ox).)
3
In the present paper we realize this scheme for the symmetric orbits of
SL(n)/S(L(n − 1) × L(1)) type in sl(n)∗ (the h.w. orbit in g∗ belongs to
closure of the family of the above orbits and it is quantized as well).
The method of quantization consists in the following. First, we describe
the orbit under consideration by means of a system of algebraic equations
and we look for a q-analog of this system. Second, we introduce a q-Lie
bracket, which is a deformation of the initial Lie bracket. Then the quantum
algebra (denoted Ach,q) is defined as a quotient algebra of the corresponding
“enveloping algebra” by the ideal generated by the deformed system.
As a result we get a three parameter family Ach,q of associative algebras.
The parameter q corresponds to the quantization of the R-matrix bracket,
the parameter h is a factor introduced in the q-Lie bracket and it correponds
to the quantization of the KKS bracket, while c labels the orbits (the case
c = 0 corresponds to the h. w. orbit).
The space g equipped with the q-Lie bracket can be considered as a
“braided” analog of a Lie algebra. We do not discuss here an axiomatic
definition of a “braided Lie algebra” (cf. [G3], [DG3] for a discussion). We
only remark that the deformed bracket is a very useful tool to “quantize”
certain objects of ordinary analysis. In particular, by means of the q-Lie
bracket, we introduce the braided coadjoint vector fields. We introduce also
the braided tangent vector fields as elements of the module generated over
the quantum function algebra Ac0,q by the above fields.
The paper is organized as follows. In Section 2 we describe the quantum
algebras Ach,q. Section 3 is devoted to the discussion of braided vector fields.
An example of such fields corresponding to the case g = sl(2) is considered
in Section 5. In Section 4 we describe the quasiclassical limit of the algebras
Ach,q and prove that on symmetric orbits the brackets { , }KKS and { , }redr
are proportional to each other.
2 q-Lie brackets and quantum algebras
Let us fix a simple Lie algebra g over the base field k = R and the corre-
sponding quantum group Uq(g). Let g-Mod (Uq(g)-Mod) denote the tensor
category of the finite dimensional g− (Uq(g)−) modules. Morphisms in these
categories will be called g− (Uq(g)−) morphisms.
For any linear space V we denote I+ (I−) the subspace in V ⊗2 of the
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symmetric (skew) tensors.
Let us consider the space V = g as an object of the category g-Mod. Let
V ⊗2 = ⊕Vβ be a decomposition of V ⊗2 as a direct sum of isotypic g-modules
where β denotes the highest weight (h.w.) of the corresponding module. Let
α be h.w. of g as a g-module. Then in the above decomposition there is a
trivial module V0 (β = 0), a module V2α of h.w. β = 2α, and an irreducible
module Vα of the h.w. α belonging to the space I−. Note that for certain
simple algebras there exists in g⊗2 another module of h.w. α which lies in
I+.
Note that the Lie bracket [ , ] : V ⊗2 = ⊕Vβ → g kills all modules except
Vα and, when restricted to Vα, defines a g-morphism.
We now introduce a deformed bracket in the following way. Let us
consider the space V as an object of the category Uq(g)-Mod, i.e., define
a left representation ρq : Uq(g) → End(V ) deforming the representation
ρ : U(g)→ End(V ) of the enveloping algebra U(g) which coincides on g with
the representation of g given by ρ(X) = [X, . ]. By construction we assume
that ρq → ρ when ρ→ 1.
Let us define a representation ρ⊗2q : Uq(g)→ End(V ⊗2) using the coprod-
uct ∆ : Uq(g)→ Uq(g)⊗2 and decompose the space V ⊗2 as a direct sum ⊕V qβ
in the category Uq(g)-Mod. Hereafter, V
q
β denotes the q-deformation of the
g-module Vβ. We also denote by I
q
+ (I
q
−) the q-deformation of the subspace
I+ (I−) defined as follows.
Let us consider the universal R-matrix R corresponding to the quantum
group Uq(g). Let Sρ = σρ
⊗2
q (R) : V ⊗2 → V ⊗2 be the “braiding operator”
(σ is the flip). Note that Sρ → σ when q → 1. It is well known that Sρ
is diagonalizable. If q − 1 is small enough each eigenvalue of the operator
is close either to 1 or to −1. Replacing the eigenvalues of the first type by
1 and those of the second type by −1 we get another operator (denoted S˜)
whose eigenspaces coincide with these of the operator Sρ. This operator is
involutive (S˜2 = id), it is a morphism in the category Uq(g)-Mod but does
not satisfy the QYBE. Let us set Iq± = Im(id± S˜).
Definition 1 We call q-Lie bracket the operator [ , ]q : V
⊗2 → V defined as
follows
[ , ]q|V q
β
= 0 for all V qβ 6= V qα
and [ , ]q : V
q
α → V is Uq(g)-isomorphism.
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Note that V qα denotes the Uq(g)-module of the h.w. α which belongs to
the space Iq−. Note also that the q-Lie bracket is defined up to a factor.
Remark 1 In [G1], [G2], were introduced the notions of generalised (or S-)
Lie algebra corresponding to an involutive (S2 = id) solution of the quantum
Yang-Baxter equation, of representation of such an algebra and the notion of
corresponding enveloping algebra. It is not difficult to define the category of
representations of an S-Lie algebra.
In the case under consideration the situation is inverse. First we have
a category. After that we introduce a q-Lie bracket as a morphism in this
category. Meanwhile we do not use any axioms of Jacobi identity type. We
refer the reader to [DG3] where relations between “braiding” of Lie algebras
and flatness of a deformation of “enveloping algebras”2 are discussed (cf. also
[M2] where another approach to “braiding” is realized without connection with
flatness of deformations).
It seems very natural to introduce the braided enveloping algebra as the
quotient algebra
T (V )/{(Im(id− [ , ]q)Iq−}. (3)
Hereafter, T (V ) denotes the tensor algebra of the space V and {I} means
the ideal generated by a family I ⊂ T (V ).
However, this algebra is not a flat deformation of its classical counterpart.
Moreover the deformation from T (V )/{I−} to T (V )/{Iq−} is not flat except
in the case g = sl(2). One can prove this fact by observing that the R-matrix
bracket is not Poisson on g∗ if g 6= sl(2).
Nevertheless after this deformation is restricted to some quotient algebra
it becomes flat. Consider an example. Let us introduce the following algebra
T (V )/{Iq−} where Iq− = ⊕β 6=2αV qβ (it is also a factor algebra of the algebra
T (V )/{Iq−}). Let us also set Iq+ = V q2α and fix a decomposition of the space
V ⊗2 = I
q
+ ⊕ Iq− which differs from V ⊗2 = Iq+ ⊕ Iq− but is a decomposition in
the category Uq(g)-Mod as well (i.e., I
q
± are objects of this category).
2Recall that a family of associative algebras Ah depending on a formal parameter h
is called a flat deformation of the initial algebra A = A0 if there exists an isomorphism
Ah → A[[h]] of k[[h]]-modules. Note that for any flat deformation of an associative algebra
A0 the skew-symmetrized linear term in h of the deformed product is a Poisson bracket.
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Note that due to the Kostant‘s theorem (cf. [LT]) the algebra T (V )/{I−}
where I± = I
1
± is the algebra of regular functions Fun(Ox) on the orbit Ox
of a highest weight element x in V ∗.
Proposition 1 [DS1] The deformation from T (V )/{I−} to T (V )/{Iq−} is
flat.
Note that this statement was actually proved in [DGM] where the algebra
T (V )/{I−} was represented as a result of the deformational quantization of
the bracket { , }R. In [DG1] the R-matrix bracket was introduced in the
space of holomorphic sections of the linear bundles over a flag manifold and
it was quantized as well. More precisely, in the papers [DGM], [DG1] it was
shown that the element F ∈ Uq(g), introduced by Drinfeld (cf. [D]) can be
used as an intertwining operator between the initial object and the quantized
object.
Note that in [S] the so-called quantum flag manifold was treated in terms
of projectivization of the h.w. orbits. In fact the author dealt with the
algebras of the type T (V )/{Iq−} but did not consider the quasiclassical limit.
Unfortunately, the element F mentioned above cannot be used to quantize
the Poisson pencil { , }a,b on any orbits of R-matrix type (on symmetric
orbits this series does not suit well to quantize R-matrix brackets). In [DS2]
another series F quantizing the Poisson pencil (2) on a Hermitian symmetric
space in the sense of deformation quantization was constructed.
Here we propose another way to define the q-deformation of some orbits
in sl(n)∗, and more generaly to quantize the Poisson pencil (2) on these orbits
(including the h.w. orbits). We describe the orbit of an element x ∈ g∗ by a
system of equations and try to find its analog in the category Uq(g)-Mod. The
quotient algebra by the ideal generated by the latter system is regarded as
a quantum orbit. Considering the corresponding quotient algebra of algebra
(3) we can quantize the whole Poisson pencil (2).
In the present paper we will restrict ourselves to a particular type of orbits
in sl(n)∗.
Let C denotes the split Casimir, i.e., a generator of the trivial module
V0 ⊂ V ⊗2 in the category g-Mod.
We leave the proof of the following to the reader.
Proposition 2 Let V = g = sl(n). Consider the orbit Ox ∈ g∗ of the
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element
x = Ma = diag(a, a, ..., a,−(n− 1)a), a ∈ k, a 6= 0
(we identify g with g∗ by means of the Killing form < ., . >). Then the space
Fun(Ox) is naturally identified with the quotient space
Ac0,1 = T (g)/{Jc} where Jc = ⊕β 6∈{0, 2α}Vβ ⊕ k(C − c),
for a constant c = c(a) =< C,Ma ⊗Ma > depending on the scalar a.
It is evident that the stabilizer of the point x is S(L(n− 1)× L(1)) and
therefore Ox = SL(n)/S(L(n− 1)× L(1)).
Note that the h.w. orbit in g∗ is also defined by the same system of
equations but with c = 0 (actually the variety defined by the ideal {J0}
coincides with closure of the h.w. orbit over k = C). Thus we have a family
of orbits depending on the parameter c ≥ 0.
Changing {Jc} in this proposition to the ideal
{⊕β 6∈{0, 2α}(Im(id − h[ , ])Vβ)⊕ k(C − c)}
we obtain a quotient space of the enveloping algebra U(sl(n)) (with the
parameter h introduced in the Lie bracket). We consider this algebra as
quantization of the KKS bracket on the h.w. orbit (c = 0) or on a symmetric
orbit (c > 0).
We will introduce a q-analog of this algebra in a natural way by setting
Ach,q = T (V )/{⊕β 6∈{0, 2α}k(Im(id− h[ , ]q)V qβ )⊕ k(Cq − c)}
where Cq is “the braided split Casimir”, i.e., a generator of the trivial module
V q0 in the category Uq(sl(n))-Mod (we assume that Cq → C when q → 1 or in
other words Cq = C mod (q−1))3. This algebra depends on three parameters.
The parameter h arises from the quantization of the KKS bracket, q is the
braiding parameter and c labels the orbits.
The following proposition follows from the construction.
Proposition 3 Multiplication in the algebras Ach,q is a Uq(sl(n))-morphism.
3Note that the braided Casimir differs from the so-called quantum Casimir which is an
element of the quantum group Uq(g).
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Note that in [DG3] it was shown that the three-parameter deformation
from A00,1 to A
c
h,q is flat in the case g = sl(2). It is very plausible that this
deformation is flat in general. Our optimism is based on a recent paper [B]
where the “Koszulity” of the algebra A00,1 is proved. We hope to discuss the
problem of the flatness elsewhere.
3 Braided vector fields
Thus we have constructed the three-parameter family of algebras Ach,q. We
consider the algebra Ac0,q as a q-analog of a function algebra on the orbit
Ox. Discussing the problem of flatness, we consider h, q and c as formal
parameters. In this Section we assume all parameters to be fixed, while the
parameter q is assumed to be generic.
Let us emphasize that all orbits of R-matrix type are multiplicity-free, i.e.,
in the decomposition of Fun(Ox) as a direct sum of irreducible g-modules,
any two modules are pairwise non-isomorphic (cf. [GP]). For the orbits
under consideration, the space Fun(Ox) has the following decomposition
Fun(Ox) = ⊕Vnα where Vnα ⊂ V ⊗n, V = sl(n).
The space Ac0,q can be represented in a similar way as a direct sum
Ac0,q = ⊕V qnα with V qnα ⊂ V ⊗n.
Let us consider the projectors
P qn : V
⊗n → V qnα
in the category Uq(g)-Mod and introduce a “braided” analog of the coadjoint
vector fields in the following way.
For any element u ∈ V introduce the operator
U q : V → V, U qv = [u, v]q, v ∈ V
and extend it to the spaces V qnα, setting
U q(n)v = nP
q
n(U
q ⊗ idn−1)v, v ∈ V qnα ⊂ V ⊗n
where idn−1 is the identity operator in V ⊗(n−1).
9
We also set U q(0)1 = 0. Thus any element u ∈ V defines a family of
operators
U q(n) : V
q
nα → V qnα, n = 0, 1, 2, ...
which can be regaded as an operator U q : Ac0,q → Ac0,q.
It is easy to see that for q = 1, the operator U = U1 coincides with the
coadjoint vector field generated by u ∈ V .
Definition 2 We call the operator U q : Ac0,q → Ac0,q a braided coadjoint
vector field.
Let {ui} be a base in g and {fβ,i(q) = ∑ fk,lβ,i(q)ukul, 1 ≤ i ≤ dimV qβ } a
base in the space V qβ ⊂ Iq+ (hereafter we omit the ⊗ sign).
Let us first consider the operators Ui = U
1
i corresponding to the elements
ui in the non-deformed (q = 1) case.
The following proposition is obvious
Proposition 4 On any orbit Ox where x = Ma and on the h.w. orbit, the
operators Ui satisfy the following equations
∑
fk,lβ,iukUl = 0, β 6= 2α, fk,lβ,i = fk,lβ,i(1). (4)
Note that this system of equations does not depend on the parameter
c = c(a).
Consider a left Ac0,1-module
M = {∑ aiUi mod
∑
bβ,ifk,lβ,iukUl, a
i, bβ,i ∈ Ac0,1}.
From the geometrical point of view this is the module of global sections of
the tangent bundle on the orbit Ox.
Definition 3 The elements of the Ac0,q-module
Mq = {
∑
aiU qi mod
∑
bβ,ifk,lβ,i(q)ukU
q
l , a
i, bβ,i ∈ Ac0,q}
are called braided (tangent) vectors fields.
To justify this definition we have to prove the following
Conjecture 1 Equations (4) hold if we replace Ui by U
q
i and fβ,i by fβ,i(q).
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The case g = sl(2) was investigated in [DG3] (cf. also section 5).
Remark 2 Note that braided vector fields differ from those arising from the
quantum groups Uq(g). They look rather like super-vector fields. If A is
an associative algebra equipped with an involutive operator S : A⊗2 → A⊗2
satisfying the QYBE, we say that it is S-commutative if µS = µ where µ
is the multiplication in A. For an S-commutative algebra it is natural to
introduce the notion of S-vector field using an “S-analog” of the Leibniz rule
Xµ = µ(X ⊗ id)(id+ S).
With regard to the algebras Ach,q under consideration, one can easily see
(at least for the case when c = 0) that they are S˜-commutative where S˜ is
the involutive operator defined above. It seems natural to introduce the q-
(or braided) analog of vector fields in such an algebra using the above Leibniz
rule but with S˜ instead of S. However this definition of the q-deformed vector
fields is not consistent. In our aproach we do not use any form of the Leibniz
rule.
Note that our definition of q-deformed vector fields is close ideologically to
the “braided partial derivatives” introduced by Sh. Majid [M1]. However since
the deformation from T (V )/{I−} to T (V )/{Iq−} is not flat it is hopeless to get
a flat deformation of the module of vector fields, while it seems very plausible
that the module Mq of braided vector fields introduced above represents a flat
deformation of the initial module.
4 Poisson brackets connected to quantum or-
bits
In this section we discuss the quasiclassical counterpart of the quantum or-
bits considered above and we investigate the relations between the brackets
{ , }KKS and { , }redr on the symmetric orbits in g∗.
First we introduce the R-matrix bracket on any homogeneous G-space
G/H (or more generally on any manifold M equipped with a representation
ρ : g→ V ect(M)) as follows
{f, g}R = µ < ρ⊗2(R), df ⊗ dg > .
Here µ : Fun(M)⊗2 → Fun(M) is the ordinary commutative multiplication
in the space Fun(M) and R is the R-matrix (1).
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Definition 4 We say that the space M is of R-matrix type if this bracket is
Poisson.
Consider the element ϕ ∈ ∧3(g) defined as follows
ϕ = [R12, R13] + [R12, R23] + [R13, R23]. (5)
Note that ϕ is G-invariant and that it is a generator of the space H3(g). It is
evident that a homogeneous G-space M is of R-matrix type iff ϕ restricted
to M is equal to 0 in the following sense:
µ < ρ⊗3(ϕ), df ⊗ dg ⊗ dh >= 0
for any f, g, h ∈ Fun(M).
Hence, the property of a variety to be of R-matrix type does not depend
on a choice of a modified R-matrix (we say that an element R ∈ ∧2(g) is a
modified R-matrix if the r.h.s. of (5) is G-invariant).
In [DGM] it was proved that a h.w. orbit in any G-module V is of R-
matrix type. In [DG2] the same property was proved for symmetric spaces.
And in [GP] all orbits in g∗ (over the field k = C) were classified.
Proposition 5 (cf. [GP]) 1. If Ox ∈ g∗ is of R-matrix type then x ∈ g∗ is
either semisimple or nilpotent.
2. If x is semisimple then Ox is of R-matrix type iff Ox is symmetric.
Now consider the brackets { , }r,l defined in Section 1. Using the fact that
the element ϕ is G-invariant it is easy to see that the brackets { , }R = { , }l
and { , }redr become Poisson simultaneously.
Thus on any symmetric space the bracket { , }redr (if it is well-defined)
is Poisson and G-invariant. If M = Ox is an orbit in g∗ there exists another
G-invariant bracket, namely the KKS bracket. So it is natural to pose the
question of the relation between brackets { , }KKS and { , }redr .
Although we deal mainly with the non-compact real form of the group
G we will consider also the compact form of the group G and the algebra g,
which we denote by Gc and gc respectively. Note that Rc =
√−1R where R
is the R-matrix (1) is an element of ∧2(gc). Thus we can introduce all the
above brackets on the homogeneous Gc-spaces and introduce the notion of
orbit of R-matrix type.
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Consider an element x ∈ g belonging to the Cartan subalgebra of the
algebra g. Then
√−1x ∈ gc. Note that for such an element x the reduced
bracket { , }redr is well-defined.
It is clear that the orbits Ox ∈ g∗ and O√−1x ∈ g∗c are symmetric simul-
taneously. Assume that they are symmetric.
Then the orbit O√−1x is a symmetric Hermitian space and therefore
dimH2(O√−1x, C) = 1. Using this fact one can show that the brackets
KKS and { , }redr are proportional to each other both for orbits O√−1x ∈ g∗c
and Ox ∈ g∗ (this proof was first given in [DG2]). Here we will give another
proof using an explicit construction from [KRR].
If Ox ∈ g∗ is a symmetric orbit of an element x belonging to the Cartan
subalgebra, the isotropy subalgebra h of the point x can be described in a
way similar to [KRR] (although in [KRR] the compact form is considered
but actually we are dealing only with local properties which do not depend
on the chosen real form of g).
Let α1, ...αn be the set of all simple roots of the Lie algebra g and αk be one
of them. Consider the algebra h generated by the Cartan subalgebra and ele-
ments {Xα, X−α} such that in the decomposition α = ∑ aiαi, ak = 0. Then
according to the Cartan classification of the Hermitian symmetric spaces we
can assume that the isotropy subalgebra has this form with arbitrary simple
root αk for the series An or with some special root for the simple algebras of
other series (cf. [KRR] where all possible αk are indicated).
Set ∆ = {α ∈ ∆+, Xα 6∈ h} (recall that ∆+ denotes the set of all positive
roots). Then the KKS bracket being at point x has the form
{f, g}KKS = µ < ρ⊗2r (
1
2
∑
α∈∆
1
α(x)
Xα ∧X−α), df ⊗ dg > .
Let us show that α(x) does not depend on α ∈ ∆. Indeed if α ∈ ∆ then
α = αk +
∑
i 6=k aiαi where αi is a root such that Xαi ∈ h. Since [x, Xαi ] =
αi(x)Xαi = 0 we have αi(x) = 0. Therefore α(x) = αk(x) +
∑
i 6=k aiαi(x) =
αk(x) = const.
Thus at point x the brackets { , }KKS and { , }redr are proportional to
each other. Now using the fact that both brackets are G-invariant we can
state the following
Proposition 6 Let us consider a symmetric orbit Ox = G/H ∈ g∗ of an
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element x belonging to the Cartan subalgebra of g. Then the brackets { , }redr
and { , }KKS coincide on M = Ox up to a factor.
On the h.w. orbit, the bracket { , }redr is also well-defined but it is iden-
tically equal to zero. So the brackets { , }R and { , }redSD coincide on such an
orbit. The ”quantum pairs” method is no longer valid to quantize this type
of orbits, while our approach applies in principle to any orbit of R-matrix
type.
We now want to discuss the relations between the above algebras Ach,q
and the Poisson pencil (2) (all parameters here are assumed to be formal).
Proposition 7 ([D]) There exists a series F ∈ U(g)⊗2[[ν]] such that the
following conditions are satisfied:
1. F = 1 mod ν;
2. there exists a Hopf algebra isomorphism
i : U(g)[[ν]]→ Uq(g), i = id+ νi1 + ν2i2 + ...
between the algebra U(g)[[ν]] equipped with the coproduct ∆F (a) = F
−1∆(a)F
and an appropriate antipod and the quantum group Uq(g) (here q = e
ν);
3. the universal quantum R-matrix R corresponding to the quantum group
Uq(g) can be written in the form R = (F−1)21eν C2 F , where C is the split
Casimir in g⊗2.
Using the last property one can deduce that
F − F 21 = νR mod ν2 (6)
where R is the R-matrix (1).
It is easy to see that the operator S˜ : V ⊗2 → V ⊗2 introduced above can
be represented in the following form
S˜ = ρ˜⊗2q (F
−1)σρ˜⊗2q (F )
where ρ˜q = ρq i, i : U(g)[[ν]] → Uq(g) is the above isomorphism and ρq :
Uq(g)→ End(V ⊗2) is the representation of the quantum group Uq(g) defined
in Section 2.
Assume now that the deformation from A00,1 to A
c
h,q is flat. Then, using
relation (6) and the fact that ρ˜q tends to ρ when q → 1 we can state that
the Poisson bracket corresponding to the family of algebras Ac0,q is { , }R
(up to a factor) on the orbits under consideration. This implies that the
quasiclassical limit of the family Ach,q coincides with the Poisson pencil (2).
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5 Example: the case of sl(2)
In this section we set V = g = sl(2).
It is well-known that the quantum group Uq(g) is generated by elements
{H,X, Y } satisfying the relations
[H,X ] = 2X, [H, Y ] = −2Y, [X, Y ] = q
H − q−H
q − q−1 .
A coproduct in this algebra can be defined in different ways, for example as
follows
∆(X) = X ⊗ 1+ q−H ⊗X, ∆(Y ) = 1⊗Y + Y ⊗ qH , ∆(H) = H ⊗ 1+ 1⊗H
but various definitions give rise to isomorphic Hopf algebras (equipped with
the appropriate antipodes).
Let us now decompose the space V ⊗2 as a direct sum of irreducible Uq(g)-
modules: V ⊗2 = V q0 ⊕ V q1 ⊕ V q2 (i is the spin of the space V qi ). To describe
this decomposition more explicitly, we fix a base {u, v, w} in V and define
the action of the quantum qroup Uq(g) on V as follows
Hu = 2u, Hv = 0, Hw = −2w, Xu = 0, Xv = −(q + q−1)u, Xw = v,
Y u = −v, Y v = (q + q−1)w, Y w = 0.
Then the spaces V qi are V
q
0 = kCq,
V q1 = Span(q
2uv − vu, (q3 + q)(uw − wu) + (1− q2)vv, −q2vw + wv),
V q2 = Span(uu, uv + q
2vu, uw − qvv + q4wu, vw + q2wv, ww),
where Cq = (q
3 + q)uw + vv + (q + q−1)wu is the q-deformed split Casimir.
Let us introduce now the q-Lie bracket in g arising in the above construc-
tion.
Proposition 8 [DG3] The multiplication table for the bracket [ , ]q in the
case of g = sl(2) is
[u, u]q = 0, [u, v]q = −q2Mu, [u, w]q = (q + q−1)−1Mv,
[v, u]q =Mu, [v, v]q = (1− q2)Mv, [v, w]q = −q2Mw,
[w, u]q = −(q + q−1)−1Mv, [w, v]q = Mw, [w,w]q = 0,
where M ∈ k is an arbitrary factor.
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Consider the algebra Ach,q defined above. It has the following form
Ach,q = T (V )/{Jqc }, Jqc = Span(Cq − c, q2uv − vu+ 2hu,
(q3 + q)(uw − wu) + (1− q2)vv − 2hv, −q2vw + wv − 2hw).
Let us define the operators U q, V q, W q as above, setting
U qu = 0, U qv = −q2Mu, U qw = (q + q−1)−1Mv, ...,W qv = Mw, W qw = 0.
According to the above scheme these operators extended to the higher
components are regarded as the coadjoint vector fields. It is easy to demon-
strate by a direct computation that these fields satisfy the following relation
f = (q3 + q)uW q + vV q + (q + q−1)wU q = 0.
Thus the Ac0,q-module of the braided tangent vector fields can be intro-
duced in this particular case as follows
Mq = {aU + bV + cW, mod df, a, b, c, d ∈ Aqc}.
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